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Abstract 

Starting with assumptions both simple and natural from "physi- 
cal" point of view we present a direct construction of the transforma- 
tions preserving wide class of (anti)commutation relations which de- 
scribe Euclidean/Minkowski superspace quantizations. These general- 
ized transformations act on deformed superspaces as the ordinary ones 
do on undeformed spaces but they depend on non(anti)commuting 
parameters satisfying some consistent (anti)commutation relations. 
Once the coalgebraic structure compatible with the algebraic one is 
introduced in the set of transformations we deal with quantum sym- 
metry supergroup. This is the case for intensively studied so called 
N = \ supersymmetry as well as its three parameter extension. The 
resulting symmetry transformations - supersymmetric extension of 8 
- Euclidean group can be regarded as global counterpart of appropri- 
ately twisted Euclidean superalgebra that has been shown to preserve 
N = i supersymmetry. 

1 Introduction 

Practically, any reasonable physical theory refers, in more or less explicit way, 
to assumptions concerning space-time structure and its symmetries. Usually, 
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it is postulated that space-time has a structure of smooth manifold param- 
eterized (in general, locally) by four real commuting coordinates. This does 
not lead to any essential controversy in classical or nonrelativistic quantum 
theory. However, the validity of this assumption is not evident when trying to 
combine quantum theory with special or general theory of relativity in a con- 
sistent way. Indeed, in relativistic quantum theories a possibility of probing 
the space-time is limited by occurrence of creation/annihilation processes or 
even gravitational collapse (when gravitation is taken into account ) if energy 
density contained in a tiny volume is large enough to create new particles or 
to form a black hole. Therefore, it is believed that at short-distance scale the 
model of smooth and commutative space-time should be somehow modified 
or even replaced by some other mathematical framework. 

In the simplest scenario, instead of local coordinates x m , m — 0, 1, 2, 3, 
hermitian generators £ m are introduced. They obey commutation relations 

[x m ,x n ] =ie mn (i) 

where Q mn is real antisymmetric (in general, x m - depending ) matrix of 
dimension (length) 2 [1], [2], [3], 0], 0, [6], [7], [8], [9], [E]. 

For example, in the case of so called 6 - Minkowski space this matrix is 
constant and plays a role analogous to Planck's constant. In particular, there 
are space-time uncertainty relations Ax* Arc- 7 > ~ | B Jjf | giving a bound to 
the resolution in which space-time itself can be probed. As a consequence 
there is no definite notion of a "point". 

These simple semi-classical arguments demonstrate that a sort of space- 
time quantization is expected to be a generic feature of quantum theory 
consistent with relativity. 

Although the idea of noncommutative space-time is almost as old as quan- 
tum mechanics is |TT] a real impetus to the study of the subject has been 
provided by string theory [TJ, [T3], [H], Pl> HE, PS, 01, [20] • It 
has appeared that if the endpoints of open strings are confined to propagate 
on a D-brane in a constant B-field background, then they live effectively on 
noncommutative space whose coordinates satisfy the commutation relations 
given by eq.([T]). 

It is worth noting here that noncommutative spaces can be regarded as 
usual ones equipped, however, with additional structure so called star prod- 
uct (27], [23], [251, [2S], [21], [21], [22]- For instance, in the case of 6 - 
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Minkowski space an appropriate star product of two functions on this space 
is given by the equation 

f(x)*g(x) = fi(exp{^Q mn d m ® d n }f <g> g)(x) (2) 

Kf®g) = fa 

Now, given deformed space-time one is faced with the important question 
of its symmetries. The point is that, in general, the commutation relations 
defining space deformation break its standard (i.e. the ones corresponding to 
undeformed case) symmetries [2H], [2S], [SO], [31] • For example, the relations 
given by eq.([T]) violate Lorentz invariance (if Lorentz transformations are 
assumed to be "undeformed" and to act in the usual way). 

This fundamental space-time symmetries breaking is one of the major 
problems around theories on noncommutative spaces. There are at least two 
possible approaches to this question. 

In the first one, G mn matrix is assumed to distinguish a reference frame 
and symmetry transformation group is restricted to a stability group of this 
matrix. It appears that the stability group ( 5*0(1, 1) x SO (2) for time non- 
commutativity or 0(1, 1) x 0(2) in the case of space noncommutativity |32j, 
[33] ) being abelian one has only one- dimensional irreducible representations. 
Consequently, in addition to violation of relativity principle the notion of spin 
becomes unclear in theories with such symmetry group. 
In the second approach, proceeding in the spirit of quantum group theory 
[31], [35] [36], [37], [38] deformed algebras and group transformations which 
leave relations defining noncommutative space unchanged [H], [39], [ID], [42J, 
[13], [ll] are introduced. 

In the case of 9 - Minkowski space such deformed algebra, so called twisted 
Poincare algebra, has been introduced in Ref . [3Dj . A starting point there was 
an observation that the differential operator defining the star product given 
by eq.pi) can be interpreted as the inverse of the so called twist operator F 
[15] . The star product given by the twist operator is covariant with respect 
to the twisted Poincare algebra. The algebraic sector of this algebra coin- 
cides with the usual Poincare algebra one. Consequently, the representation 
content of the twisted symmetry algebra is the same as the nontwisted one. 
That is the main advantage of this approach justifying the use of the ordinary 
representations of Poincare algebra in the study of theories on 9 - Minkowski 
space even though the ordinary Poincare algebra is not the symmetry algebra 
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of these theories. 

Having the twist operator one can construct first a universal R matrix and 
then, referring to Faddeev - Reshetikhin -Takhtajan (FRT) [46 J method for 
example, the global counterpart of twisted Poincare algebra - so called 9- 
Poincare group [39], [37], which is in fact noncommutative Hopf algebra of 
functions on Poincare group. The 9 -Poincare group can also be obtained in 
more direct way starting with the following assumptions: 

a) 6-Poincare group acts on 6-Minkowski space as the usual Poincare group 
does on undeformed Minkowski space. 

b) -Poincare group transformations commute with Lorentz transforma- 
tions as well as with G - Minkowski space coordinates. 

c) Commutation relations defining 9 - Minkowski space are preserved under 
-Poincare group action. 

This, based on deformed algebras/group, approach to symmetries of non- 
commutative Minkowski space can be applied without essential modifica- 
tions in Euclidean case. The application of this scheme to symmetries of 
non(anti)commutative supersymmetric extensions of Euclidean/Minkowski 
space [3H], [31], [50], [5]], [52], [53], [53], [55], [56] is more involved. A new 
ingredient here is the possibility of additional non-trivial contributions to 
deformations of Euclidean/Minkowski (super)-space stemming from defor- 
mations of grassmannian sector of superspace. 

Twisted superalgebra technique has been used to study various deformations 
of Euclidean superspace in Refs. [57], J5S], [SH], [SO], [SI], [S2], [S3]- Some 
preliminary description concerning only one type of deformation of Euclidean 
superspace in terms of deformed Euclidean supergroup (global counterpart 
of twisted superalgebra) can be found in Ref . [44 J . 

The present paper and the companion one are devoted to more systematic 
study of supersymmetric extensions of 9 - Poincare group and its Euclidean 
counterpart - ^-Euclidean group as well as to the construction of covariant ( 
with respect to these extensions ) (anti) commutation relations defining de- 
formations of relevant superspaces. 

In the first paper we start with simple, intuitive and natural from "physi- 
cal" point of view assumptions basically concerning the action of generalized 
Euclidean/Poincare transformations on corresponding deformed superspace 
and proceed in a spirit of Corrigan et al., Manin, Takhtajan, Wess, Zumino 
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approach to (super)space deformations [61] , [6"5] . [55] . |67J. This leads to 
general relations between (anti)commmutation rules of deformed space-time 
coordinates and (anti)commmutation ones of generalized Euclidean/Poincare 
transformation parameters. Then taking into account the structure of these 
relations and requiring the preservation of commutators defining space-time 
deformation under these generalized transformations allows one to find (for 
a given consistent grassmannian superspace sector deformation) a sufficient 
conditions on (anti) commutation rules of deformed superspace coordinates 
as well as on commutators of relevant transformation parameters. 
In of probably the simplest grassmannian sector superspace deforma- 

tion given by constant matrices our procedure gives algebraic sector of global 
symmetries of wide class of deformed Euclidean/Minkowski superspace. In 
fact, most of the deformations of this type discussed in literature [H], [57] . 
[58] . [59] . [60] . [61], belong to our class. In general, (anti) commutation rela- 
tions obtained in this way do not satisfy Jacobi identities. Imposing these 
identities gives some constraints on matrices defining deformations. It ap- 
pears that in Minkowski superspace case Jacobi identities can be satisfied 
provided the matrix elements of these matrices belong to some Grassmann 
algebra. Finally, the construction of algebraic sector of symmetry transfor- 
mations is completed by introducing coalgebraic structure given by appropri- 
ately defined coproduct, counit and antipode maps. If it happens that both 
structure algebraic and coalgebraic ones are consistent one is dealing with 
non(anti)commutative Hopf superalgebras i.e. quantum supergroups. Such 
symmetry transformations are analyzed within the so called R - matrix (or 
FRT) approach as well as in the framework of star product in the compan- 
ion paper [68] . It appears that all three methods lead directly to the same 
results. 

In order to make the paper more readable we will generally omit the prefix 
"anti" and use the words "commutators", "commutation rules", etc. irre- 
spectively of the parity of variables under consideration. However, we keep 
the standard notation for the commutators ([.,.]) and the anticommutators 

({-,.})■ 
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2 Global Symmetries of Deformed Super- 
spaces 

2.1 N=l deformed Euclidean Superspace 

Roughly speaking, (super) space deformations as well as construction of their 
symmetries can be considered as a procedure of replacing commuting coor- 
dinates of undeformed (super) spaces and commuting parameters of trans- 
formations acting on these coordinates by noncommuting quantities satis- 
fying some well-defined, consistent commutation rules. In most cases, this 
vague definition can be made mathematically sound within framework of 
non(anti)commutative Hopf (super) algebras theory. Nevertheless, we will 
follow this slightly informal approach believing that it can be formalized if 
needed. 

So we start with simplest N = 1 Euclidean superspace [69], [70], [71], [72] 
which is parametrized by four commuting real coordinates x m (m = 0, 1, 2, 3) 
and by four anticommuting grassmannian variables t] a , fj a (a = 1,2, at = 
1, 2). The metric structure in bosonic sector is given by metric tensor 
g mn = g mn = diag(l, 1, 1, 1) = 5 mn i.e. x m = x m = g mn x m . In grassmannian 
sector the role of g mn is played by completely antisymmetric symbols 



£aj3 — £ a fj 



-1 

1 

1 

-1 



(3) 
(4) 



r] a = e al3 rip , i] a = e at5 rip 

Va = e afj Ti P , fja = e^ff (5) 

This superspace can be regarded as the coset one resulting from dividing 
N = 1 Euclidean supergroup by group of four dimensional rotations. 
Let M mn and P m (m, n = 0,1,2,3 ) be the generators of rotations {u mn = 
—uj nm ) respectively translations (a m ) in R 4 while Q a , Q a (a=l, 2, a — 1, 2) 
- the additional odd generators of supertranslations (£ a ,£ a ). 
A generic element of N = 1 Euclidean supergroup can be written in the 
following exponential parametrization 
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g(£, I a, to) = exp {i(CQa + QaC) } exp {ia m P m } exp j l -u mn M mn } (6) 

Let us remind the standard notation ( below a iy i = 1,2,3, are Pauli 
matrices ) 



a m = (il, (Ji) 



a m = (il, -di) 

(7) 



(8) 



a mn ( resp. a mn ) are generators of (resp. D^'^) representations 

of sO(A) ~ su{2) 0sm(2) algebra. 

The generators Q a , Qa, P m , M mn satisfy commutation relations defining 
N = 1 Euclidean superalgebra: 



[M ab , M cd ] = -i(5 ac M bd + 5 bd M ac - 5 ad M bc - 5 bc M ad ) (9) 
[P m , M ab ] = i(5 ma P b - 5 mb P a ) 
[P a ,Pb] = 

[Q a ,M mn ] = {<Jmn)£Qp 
\Qcti Pm\ [Qd; Pm\ 

{Qa,Q?} = 0= {Qa,Qp} =0 

{Qa,QA} = 2(a m ) a$ (P m ) 
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Let 



A{u) = e-i"™*™ B\co) = e *" mnSmn (10) 

be elements of ' ' resp. 

£>(o, 3 ) representations of SU(2) x SU(2) group. 
They obey A(uj)a m B\uj) = ( e - w )™a" '. 

The commutation rules (Q imply the following composition law for N — 1 
Euclidean supergroup elements: 



g(€, £, a, u)g(r), rj, b, u') =g(A, A, c, u") (11) 
A d =C + (B^u))^f 

c m =e (-)-6« + a m - i£> m )^(flt( w ))«.^ 
-fr)««(A T ( W ))>^ 

The action of N = 1 Euclidean supergroup on iV = 1 Euclidean super- 
space can be deduced from eq. ffTTj) 



g(£, I a, u>) : (x m , rf, fj & ) ^(x' m , V ' a , if) (12) 



' rn -'^ m n x n + a m - iC(° m )aa(B\u))%f 



x = e 



Now, replacing commuting coordinates x m and r] a , f] a by (non) commuting 
quantities x m , fj a and f] a satisfying some consistent commutation rules one 
obtains N = \ deformed Euclidean superspace. In general, these commuta- 
tion rules are no longer covariant under the action of usual N = 1 Euclidean 
supergroup. So, the standard Euclidean transformations have to be modified 
somehow if one wants the relations defining superspace deformation to be 
preserved under the action of these transformations. It appears that for a 
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wide class of N = 1 Euclidean superspace deformations (including most of 
deformations considered in literature |33].[57] ; [55] , [SS], [SD], [SI]) this can 
be done in relatively simple way, starting with the following intuitive and 
natural from a "physical" point of view assumptions: 

a) In order to get generalized transformations one replace commutative pa- 
rameters (a) by noncommutative ones (a) 

(a) = (£,£,a,u) i — ► (a) = (|,£,a,a>), (13) 

In more formal approach, supergroup parameters are regarded as func- 
tions of supergroup elements and passing from commutative parameters 
to (non)commmutative ones is interpreted as passing from commutative 
superalgebra of functions on supergroup to, in general, noncommutative 
algebra. 

b) These noncommuting transformation parameters commute with deformed 
superspace coordinates. 

c) Generalized transformations act on deformed superspace as the usual 
ones on undeformed space 

i a =t + {A T {uj)) a p f 

X ' m =( e -") m n x n + a m - it((y m ) a *(B\Cj)Y^ 

To avoid the ordering problem one puts 

tB^co)] = [lA T (co)]=0. (15) 
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d) Commutation rules defining superspace deformation should be covariant 
under action of these generalized transformations. 

Assumptions (a-c) enable one to find the relations between deformed space- 
time coordinates x m , fi a , f] a commutators and commutators of transformation 
parameters. Both, coordinates and parameters commutation rules, remain 
apriori unspecified. 

These relations can be divided into three groups. The first one includes: 
commutators of grassmannian space-time coordinates rj a , fj a , commmutators 
of grassmannian transformation parameters commmutators of grassman- 
nian parameters with A, B matrices and commutator of A and B matrices. 
There are no commmutators of space-time variables and commutators of pa- 
rameters (except ones mentioned above ) in this group. 
The second group of relations contains, in addition, commutators of space- 
time coordinates (except commutator between two bosonic elements x m ) and 
commmutators of transformation parameters (except the ones between pa- 
rameters a m ). 

The commutators [x m , x n ] and [a m , a n ] appear in the third group of rela- 
tions. 

Such structure means that one can look for consistent commutation rules 
defining deformed superspaces and relevant commutation rules determining 
generalized symmetry transformations by successive analysis of these groups 
starting with the first one being described by the following equations: 

{rf*,rf } (A^rTv 8 + (A T f s (A T T,W,¥} (16) 

+ V r (U T ) a J ,£ f> ] + [(A T f v t\) + 
{t,f?*} =[(B%, (B%W¥ + (B%(B%{fj\fj*} 

+ f ([(5t)%f ] + i(B%,t]) + 

=u t )% (B%m* + (B%(A T r 7 {fj\n s } 



10 



Now, covariant (in view of assumption d) commutation rules of grass- 
mannian space-time coordinates should be defined in such a way that eqs. 
ffT6]) are satisfied for all space-time variables x m , fj 01 , fj a . 
Consider the simplest deformation of the grassmannian sector: 



{frrf} = v* = {if a rf fl } (17) 

{rf , ff} = = {r/ Q , ff^} 

with C a/3 , E a/B and D a P being the even elements of a Grassmann algebra, 
in particular, c-numbers. 

Then, the sufficient conditions for eqs. (TT6l) to hold read 



U T )% [A T f s ] = o 

l(B%, (B%] = 
l(B%, {A T f s } = 
[fr, [A T f s ] = 
[(St)%f*] = 



where C°f , etc. are defined as follows 



(18) 



Cf = [5°8i ± {A T )^{A T f 5 )C^ (19) 
Df = [5pl ± {B%{B^-]D^ 
Ef = [6*6$ ± {A T )^{B^.]E^ 

Eqs. (1T91 define also C+ , etc. which will be used below. 
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Taking into account commutation rules satisfied by A T and B + (see 
eqs. (ITS!) ) allows one to write out second group of equations relating com- 
mutators of spacetime variables with commutators of parameters 

[x' m , fj' a \ =( e -") m n (A T ) Q 7 [x n , ff] + [a m , i a ] + [a m , (A T ) a p ]f (20) 

+ <^ B] ) *0 S , t W - (£ f ) M 5 {f, ff }) 

Again, these equations should hold for all spacetime variables. This im- 
poses some constraints on covariant commutation rules of fj a , x m and r) a , x m 
coordinates. In fact, it is not difficult to see that these rules should be at 
least linear in fj a and ff* variables. Assuming that they are exactly linear 
one can write 

[ X m , i) a ] = iwfff + myf + m ma (21) 

[x m , ff 1 } = iKfff + iKjf + iA m& 

where Iiy, ITJ, IT ma , A"f , A™?, A m& are some constants of well-defined 
parity. 

Now, taking into account eqs. (1TB]) . one can provide the sufficient conditions 
for eqs. ( 1201 to be satisfied by all space-time variables. They have the form 
of the following relations between the constants II, A and E, D , C 



11 P 


= E afi [ 




pp 


TTTTia 

$ 


= C a)3 ( 


:o 


pp 


A ma 
^ P 


= 




)pp 


A ma 

$ 


= E^ 


« 


] pp 



(22) 



and the following commutation rules for transformation parameters 
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p T )v»] =° 
=0 

In the eqs. ( l2"3"j) A ma and IT™" are defined by 



(23) 



Af = (5™8j ± (e" i )^(5 t )^)A p/3 

n ma = ± ( e ~-)™ (A^)^ (24) 

It follows from eqs. (TT5]) . (1181) and (1231) that the commutativity of A T and 
B + with all parameters of transformations (I14p is consistent with the basic 
assumptions (a-d). Using that, last group of equations relating commutators 
of £ coordinates and commutators of a m parameters can be written in the 
following form 



[x ,m , x' n ] = (e-^) m p (e- Cl ) n q [x p , x q ] + [a m , a n ] (25) 
- *((e--)>"U - (e-%(B^f $ t [ST, rf ] + (A T )^t[x p , f] 

+ l(°n^%s(B^)\m%([e,£ s ]{f?,fp} - {t^w,^]) 
+ ^((OrvCOrt - (077(o^(^ t )\(^ T )^)(r,li#,^} 

All commutation relations in eqs. (125]) . except [x m ,x™] and [a m ,a n ] com- 
mutators, have been already determined (see eqs. (ITTj) . (fT8j) . (TT9|) . (I2TI) . (1221) 
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and (1251) ). Requiring eqs. (125]) to be satisfied by all space-time coordinates 
fj a , fj a , x m implies that the commutator [x m ,x n ] should be at least quadratic 
in fj a , f] a variables. We assume the following general form of the commutator 

[x m , x n ] = rj[fi\ f) s ] + rj[fp , ?f] + r^[v s , f ] + r? n v s + 17^ + ^e mn , 

(26) 

where T^ n , P™ 1 , T^™, Tf n , Tf n and 6 m " are some constants of well 
defined parity. Inserting eq. (l2"B"]) into eqs. ([21]) allows one to express T^ n , 

r 5"; r £f> rjTS V T in terms of c a/3 > D ^ and 



(27) 



1 7 5 


= V^K) 7a ( 






pmn 


= ~c«V m W( 






1 5 7 


= ^((O^ 


(0- n )a 7 - 


Mi/SCO** 


■pmn 
1 <5 


= n™KLr 


n n > m ) 


q5 


pmn 
1 <5 


= A m >") 5ci - 


A n > m 


)<5d 



Moreover, one also finds the form of [a m , a n ] commutators 



' m " n] ^-V m )7>%[£ 7 ^ ] (28) 

1 



1 



+ (11+ (cr J ad -ll + (d J adr J£ +«B_ 
where G™ n is given by 

gmn = ^m^n _ ^-^rn^-C^Qpq ^ 
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So, finally, we conclude that the commutation rules defining deformed 
N =1 Euclidean superspace, given by eqs. flUD, (EU), (J22D , (EHD, (JZZD , are 
covariant under the global space-time transformations (|T4|) . with the parame- 
ters (£, £, a, w) satisfying the commutation rules described by eqs. (|T5|) . ([T8]) . 
(USD, (El, d, d2HD and (J29D. 

It is interesting to note that coordinates commutators and those of param- 
eters are similar. Also we see that the choice of grassmannian superspace 
sector deformations determines to much extent the remaining commutation 
rules, both for coordinates and parameters. 

The discussion of superspace deformations and their symmetries would not 
be complete without considering (super)-Jacobi identities and super algebraic 
structure of these symmetries. 

It appears that, in general, without further constraints on C, D, E, II and 
A matrices the commutation rules for coordinates as well as for parame- 
ters, found above, are not consistent with Jacobi identities. In fact, the ones 
involving: two grassmannian and one bosonic, two bosonic and one grass- 
mannian and finally, three bosonic space-time coordinates are not satisfied 
automatically if C, D, E matrices are arbitrary (for details concerning Jacobi 
identities see Appendix). Imposing Jacobi identities leads to a very compli- 
cated system of equations on the elements of these matrices. The simplest 
non-trivial solutions to these equations read 

a) 

C af3 ^ 0, n m/3 y£ 0, Q mn + (30) 

with C alS , Q mn being arbitrary c-numbers or even grassmannian constants 
and Il m/3 - arbitrary odd grassmannian ones and 

b) 

D & P ^ 0, E p6t = 0, A™? j£ 0, 

with D a P, Q mn being arbitrary even grassmannian constants (in particu- 
lar, c-numbers) and A ml3 - arbitrary odd grassmannian ones. 
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The solutions (1501) (resp. (l3"TT) ) describe the deformation of undotted (resp. 
dotted) grassmannian sectors. 

Deformation with C a/B ^ defining the so called N — ^ supersymmetry 
and its extensions have been analyzed intensively in literature (57] , [58] , [59J , 
[60] ( in particular, also by Seiberg in ref . [18] ) . 

It can be shown that if the elements of C, D, E matrices are c-numbers the 
solutions a/b given by eqs. (150]) / f[3"Tj) are the only non-trivial ones which do 
not impose any further constraints on constants C, Il/D, A. (for the proof 
see Appendix ). On the other hand, allowing the matrix elements to be even 
elements of some Grassmann algebra enables one to construct non-trivial ma- 
trices C, D, E defining commutation rules consistent with Jacobi identities. 
The analysis of Jacobi identities for parameters of transformations can be 
performed in a similar way as in the case of coordinates because the con- 
stants Cf , Df, e£*, U^, appearing in commutators of parameters 

differ from those entering the coordinates commutators by factors depending 
only on matrices A T , and e~ w which commute with all parameters. In 
particular, the constants given by eqs. (!30|) or( (l3TI) define commutation rules 
for parameters which are consistent with Jacobi identities. 

Finally, let us consider the coalgebraic structure of symmetry transfor- 
mations. In superspace SC(£) of functions on Euclidean supergroup the 
relevant mappings 



co-product A : SC(E) i— ► SC{£) g> SC(£) (32) 
co-unit e : SC(S) i— ► C 
antipode S : SC{£) i— >• SC{8) 

can be defined as follows 
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-uj\p 



-u>\p 



A(f ) = f <8) J + (St)** ® f 



(33) 



A(a p 



<8> a q 



e((e- 







£((St)«.) = i| 

e((A T r,) = SI 

e(C) = 
e(C) = 



(34) 



S((e-n p q ) = (e<T ? (35) 
,S(a m ) = -(e' w ) m n a n 

s(C) = -[(st)- 1 ]-/ 
s((^ T ) a /0 = P T )- 1 ] a /J 

5((5t)«.) = [(Bt)" 1 ]*, 

Direct check shows that the coproduct and counit maps are graded 
homomorphisms of superalgebra while antipode map is its graded anti- 
homomorphism i.e. 



A (aft) = A(a)A(6) (36) 

e(ab) = e(a)e{b) 

S(ab) = {-l) lam S(b)S(a), 



17 



(here \a\, \b\ = 0, 1 denote the parities of a,b elements). 
They satisfy the following identities: 



(I <8> A)A(a) = (A <g> J)A(a) (37) 

(I <S> e) A(o) = (e ® I)A(a) = a 

m(J g> S)A(a) = m(S <g> I)A(a) = e(a)I 

where m denotes the multiplication homeomorphism on the Hopf algebra. 
The multiplication of elements with given parity in the superspace tensor 
product is given by equation (a <g> b) (c <g> d) = (— l)' b " c '(ac ® bd) 
This confirms that A, S and e maps are well defined. What is more, one 
can verify that for the deformations considered above which obey Jacobi 
identities (in particular those given by eqs. fl30l) . fl3Tl) ) both structures, su- 
peralgebraic and supercoalgebraic ones, are consistent. This guarantees that 
the composition of two generalized symmetry transformations depending on 
two commuting sets of parameters is again generalized symmetry transfor- 
mation with parameters satisfying the relevant commutation rules. That, 
in turn, means that one deals with noncommutative Hopf superalgebras i.e. 
Euclidean quantum supergroups which can be regarded as supersymmetric 
extensions of 9 - Euclidean group. This is the case for generalized trans- 
formations preserving the N — supersymmetry and its extensions given 
by eq. fl30|) . The supersymmetric generalizations of 0-Euclidean group gen- 
erated by these transformations can be considered as global counterparts of 
appropriately twisted Euclidean superalgebra studied in (57], [5B], [SI], [60J. 

2.2 N=l deformed Minkowski Superspace 

N=l deformed Minkowski superspaces and their symmetries can be intro- 
duced and analyzed in a similar way as Euclidean ones. However, in the case 
of Poincare supergroup, supertranslation generators Q a and Qa transform 
according to two fundamental representations of SL{2, C) group (universal 
covering of Lorentz group ) which are related by hermitian conjugation trans- 
formation. Hence, in Poincare supergroup (Q a Y = Qa- Such condition does 
not have to hold for supertranslation generators in Euclidean case where two 
fundamental representations of SU(2) x SU(2) group (universal covering 
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of 4D rotation group ) are independent. It appears that this apparently mi- 
nor difference has significant consequences making the Minkowski superspace 
much more deformation-resist then Euclidean one. 

Taking this difference into account one can write out a generic element 
a, o>) of iV = 1 Poincare supergroup in a similar way as in the Eu- 
clidean case. To this end let P m , resp M mn , m — 0, 1, 2, 3 be the generators 
of translations ( a m ), resp. Lorentz transformations ( u mn = —u nm ) in 
Minkowski space, while Q a , Q a , a = 1,2, a = 1,2 -odd generators of 
supertranslations Then 



g(£, 1 a, u) = exp {i(£ a Q a + Q^ & ) } exp{ia m P m }exp{-u mn M mn } (38) 

The commuting a m , u mn and anticommuting £ a , £° group parameters 
should verify the following relations 



(D* = r (39) 
(a m )* = a m 

I ,mn\* , van 

\yj J — UJ 

a er = f r 

(a m f)* = Ca m 
(a m a n Y = (a n a m ) 

The counterparts of definitions (J7])?® read ( g mn = diag(l, —1,-1,-1) ) 



(I, ~Oi 



(40) 



o'mn = -(^ m o- n - a n a m ) (41) 

C"mn ~^S^Ta^n @n@m)' 

a mn , (resp. a mn ) are the generators of D^' ^ (resp.-D^ '^) representa- 
tions of sZ(2, C). The generators Q a , Q a , M mn , P m satisfy the following 
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commutation rules 



[M ab , M cd ] = -i{g ac M bd + g bd M ac - g ad M bc - g bc M ad ) (42) 

[P m , M ab ] = i(g m aPb — gmbPa) 
[Pa, Pb] = 

[Qa,M mn ] = (a m n)aQp 
[Q«,M mn ] = {a mn f^ 
{Qa,Qp} = 

{Qa,Qp} = 

{Q a ,Q } = 2(a m ) a$ P m 

[Qa,Pm}=0 
[Qa, Prri\ 0, 

Let 

A{u) = e~\" mn °™ A\u) = e \" mn °™ (43) 

be the elements of .D^- ) resp. D^ '^ representations of SL(2,C) group. They 
obey A(u)a m A^(u) = (e- w )">" '. 

The commutation rules fj4*2l imply the following composition law for A" = 
1 Poincare supergroup: 

g(£, C, a, u)g(r], fj, b, u') = g(A, A, c, u") (44) 

where: 

A a = r + (A T (u)) a ^ (45) 
A* = ? + (Ai)(u)* $ fj* 

c m = ( e -«)tn 6 » + a m_ . (^t) (^f.f 

i , Jlmn Tk/r i . ,mn jt/r i . Jmn -\/t 
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Now, dividing the N = 1 Poincare supergroup by the Lorentz group one 
obtains N = 1 Minkowski superspace. It is parametrized by four commuting 
real coordinates x m , m = 0,1,2,3 and four anticommuting grassmannian 
ones r) a , fj a , a = 1, 2, a—1, 2 which obey the following condition: 

(rfY = ff. (46) 

The metric structure of bosonic sector is given by metric tensor g mn ; in the 
fermionic sector the role of metric tensor is played by completely antisym- 
metric symbols (j5j) and (jlj). 

The action of N = 1 Poincare supergroup on Minkowski superspace implied 
by the above definitions of the superspace and the composition rule reads: 

g(£, I a, u) : (x m , V a , f} & ) (x' m , V ' a , r/ d ) (47) 

v ,a = r + (A T (u)r^ 

x ,m = ( e -^)^x n + a m - itl a (a m ) a6l (A\uj)f^ 

In order to obtain deformed N = 1 Minkowski superspace the commut- 
ing coordinates x m , r] a , ff* are replaced by noncommuting quantities x m , 
t] a , f] a which satisfy some consistent commutation rules as well as relations 
given by eqs. (1551) . (T4B1) . If covariance of these rules is required the usual 
Poincare supertransformations have to be generalized somehow. This can be 
done starting with the assumptions (a-d) formulated above in the context 
of Euclidean case. Obviously, in the assumption c) the equation describing 
the action of generalized Euclidean transformations on deformed Euclidean 
superspace should be replaced by the following one: 

g(H a, u>) : (x m , v a ,Y) ^ (x' m , V ,a ,V & ) (48) 

r = r + {A T {u)y p f 
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It gives the action of generalized Poincare transformations on deformed 
Minkowski superspace. 



Now, let us assume the simplest deformation of grassmannian sector of 
Minkowski superspace : 

{f) a ,f}=C af} (49) 
{fj a , rf } =E a0 
{77* f 5 } =C^, 

The constants C a/3 , C a/S E a/3 must satisfy the constraints implied by the 
counterpart of eq. (l46|) for coordinates: 

(E a Py = 

Then, proceeding as in the Euclidean case we get the remaining commu- 
tation rules which define Minkowski superspace deformations depending on 
two additional quantities (n ma )* = Tl m ° and 6 mn 

[x m , i) a ] =iE ap {a m ) pp fj p + iC ap [a m ) pp f] p + iU ma (50) 
[x m , rf ] =iE ph {o m ) pp f) p + iC &p (a m ) pp fj p + zfl md , 



i m ,x n ] = \c^{a m )^ n )^\v S ] (51) 



1 



+ ^((0,,j(* B )«V ~ (O^(0ai)[^,f] 

1 /"TT"f* / „n\ Tine* ( \£<7 i 

+ (11 (a ) a& - 11 (cr J^Jt; + I'd) , 

The superalgebraic sector of corresponding generalized Poincare transfor- 
mations reads 
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[A T (cu),.]=0 (52) 
[A\u),.] =0 
[e"* •] =0 

{t,i?} =c a J 

[a m , C] =iEf{a m ) pi> t + tCf(a m ) P pt + ^ 
[a m , t] =tEf(a m )J? + iC%\a m ) pi t + i^T 

[a-,a"]=i^(0 7 ,K)^r,f] 

+ (n™> n ) m - nno™)r 

+ (11+ (cr J ad- - 11+ (er Jc«yj£ + «B_ 
where we have defined 



cf = 


[6°6§ ± (A T ) a 7 (A T )P s }C^ 






Ef = 


[<5?*f ± ((A T r y A%}E^ s 


nf = 


± (e^) P m (^) Q ,)n p/3 


n ma = 


(6™5% ± (0^(^)11^ 


Qmn _ 


(5 p m 5; - (e-T p ( e -t,)0 M 



As already mentioned above, in the Minkowski superspace case, dotted 
and undotted grassmannian quantities are required to be related by con- 
jugation transformation. This is additional, as compared to Euclidean case, 
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condition determining the structure of both coordinates and parameters com- 
mutation rules. Due to it, in Minkowski superspace it is not possible to 
deform only commutation rules containing dotted quantities (for instance) 
leaving the rules containing undotted ones unchanged. 
Consistency of Jacobi identities and commutation rules of space-time coordi- 
nates ( as well as those of parameters ) implies some complicated constraints 
on C a/3 , E al3 and Il m/3 constants, similarly as in Euclidean case. However, 
contrary to the latter case there exist no matrices C and E with c-number 
elements which satisfy these constraints (see Appendix). In particular, there 
are no counterparts of "obvious" Euclidean solutions given by eqs. (j5Dl) . (|HT|) . 
The elements of nontrivial C and E matrices have to be even elements of some 
Grassmann algebras. What is more U m ^ constants can not be arbitrary but 
they have to fulfill some additional constraint given by eqs: 

(a n ) pp (tl mp U pp + U mp tl pp ) - (a m ) pp (Ii np W p + U np tl pp ) + cykl(p, m, n) = 0. 

(54) 

The superalgebraic sector of deformed Minkowski superspaces can be in- 
troduced in a similar way as in Euclidean case. It is described by eqs. (|33|) . 
( |34|) and (|35|) where the matrices and A T are replaced by A* and A T , 
defined by eqs. (T45|) . 

3 Summary 

In general, commutation rules describing superspace deformations (quanti- 
zations) are not compatible with the usual spacetime symmetries. In the 
present paper, starting from the assumptions which are both simple and 
natural from "physical" point of view we presented a direct construction of 
generalized Euclidean/Poincare transformations which preserve a wide class 
of commutation rules defining deformations of the relevant superspaces (in- 
cluding most of those discussed in the literature). These generalized trans- 
formations act on deformed superspaces in the standard way. However, they 
depend on noncommutative parameters which satisfy some consistent com- 
mutation relations. If the algebraic sector of transformations defined by these 
relations is consistent with coalgebraic structure one deals with quantum 
symmetry supergroup. It is the case for Euclidean superspace deformation 
given by eqs. ffTTI) . f[2"Tj) . (T22J) and (|2T)|) . (1271) with structure constants given by 
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eqs. (150]) or (IHTj) . The algebraic sector of the corresponding quantum sym- 
metry supergroup is given by eqs. (fT5]) . (jlgj) . (1151). (123]) . (121]) and (BS]> . (1251) 
(with the same constants given by eqs. fl30|) or (13~T]) ) while the coalgebraic one 
is described by eqs. ( 1331 . fl34|) . fl35|) . fl36|) . This supersymmetric extension of 
6> - Euclidean group can be considered as global counterpart of appropriately 
twisted Euclidean superalgebra (which has been identified as nonanticommu- 
tative Hopf algebra preserving superspace deformation given by eqs. ( 13"0l or 
( |3T|) (see Refs [57], [58], [59], [60])). The intensively studied particular case 
of this deformation, the so called N — ~ supersymmetry (see for instance 
Ref. [B], [IS]) corresponds to the solution (7^0 and n = = 0. 
It is worth noting that there is no Minkowski counterpart of this Euclidean 
superspace deformation as long as elements of C, E matrices are assumed to 
be c-numbers. This is basically due to the fact that in Minkowski superspace, 
unlike in Euclidean one, dotted and undotted grassmannian quantities are 
related by conjugation transformation. One can avoid this sort of no-go re- 
sult by allowing the elements of C, E matrices to belong to some Grassmann 
algebra. 
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Note added: recently there appeared the paper [73] dealing with the 
superextensions of some twist deformations of Minkowski space-time. 

5 Appendix 

5.1 Jacobi Identities 
5.1.1 Euclidean superspace 

It is straightforward to check that the Jacobi identities are not satisfied auto- 
matically if C, D, E matrices entering coordinates or parameters commuta- 



25 



tion relations are arbitrary. In fact, assuming the elements of these matrices 
to be c-numbers and imposing Jacobi identities results in the following equa- 
tions 

{EXC) T = -EXC 
(DXEf = -DXE 

EXE = -CXD (55) 
with symmetric C and D 

C = C T (T - denotes transposition) (56) 
D = D T . 

These equations should be satisfied by an arbitrary 2x2 matrix X = 
X n a n } X n eC. 

Now, combining eqs. (I55I) written for X = E and for X = Id one arrives 
at contradiction if C, D, E matrices are assumed to be nonzero ones. So, at 
least one of these matrices should be zero. Putting C = or D = one finds 
detE = 0. Taking then the eigenvectors of matrix E (at least one of them is 
the zero eigenvector) as columns of matrix X implies that E = 0. 
On the other hand if E = than detC = or detD = 0. Proceeding as in 
the previous case one finds that C = or D = 0. 

It can be directly checked that i{C^0,D = = EorD^0,C = = E 
then the remaining Jacobi identities are satisfied without imposing any fur- 
ther constraints. 

Finally, let us note that there exist Euclidean superspace deformations con- 
sistent with Jacobi identities and given by nonzero C, D, E, H, A matrices 
provided the elements of these matrices belong to some Grassmann algebra. 
(It follows from the relevant comutation rules that C a/3 , D a/3 , E a/3 should be 
even elements of this algebra while Yl ma and A ma the odd ones. An example 
of such matrices is given below: 
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leec 1 
eec 2 



eec 3 



D a{> 



eed 1 
eed 2 



eed 2 ' 
eed 3 



cf G C, = D? 6 



E 



'eee, 
ee° 



C3 



eee 2 
ee 1 



e ; 6C 



■j-j-ma 

^mct 



A md G C 



where: 

{^;{^,£ B } = o, A,B = l...ll}, 

are generators of some Grassmann algebra. 
5.1.2 Minkowski superspace 

In Minkowski superspace case the counterpart of eqs. (1551) reads: 

{EXC) T = -EXC 
(CXE) T = -CXE 
EXE = -CXC 



(57) 



Inserting X = E into these equations leads to the conclusion that there 
are no nonzero E, C matrices satisfying eqs. (l57|) if the elements of these 
matrices are assumed to be c-numbers. However, if these elements are allowed 
to belong to some Grassmann algebra then there exist nonzero E, C matrices 
defining Minkowski superspace deformation. For instance, such matrices can 
be taken in the form: 



C 



a/3 



c.eteree 
c 3 e(eree 



C2e(eree 
c ,e(eree 
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c 



(cinenereier 
(csnenereier 



eseiere'ie 1 )* 



where: 



fl ma e C 



and: 



e, = a = 1...12, {e 4 , e} = o = {e, (en = o = ner, (en 
((err = z A (c A er = (enc A r = -(t A ner 



are generators of some Grassmann algebra. 
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